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Abstract—This article describes a novel approach to achieve

motion coordination in a multirobot system based on the conept Robot »1«
of deformation. Our main novel contribution is to link these two \ Multirobot
elements (namely, coordination and deformation). In partcular, Controller

based on

the core idea of our approach is that the robots’ motions mininize Deformation

a global measure of the deformation of their positions relate
to a prescribed shape. Based on this idea we propose a linear
shape controller, that also incorporates a term modeling araffine Object _ Desired Team Shaps ()
deformation. We show that the affine term is particularly usdul Current Team | - Desired Centroid, ®,~~®
when the deformation to be controlled is large. We also propse state (Q) Rotation and Size - ¢
controls for the other variables (centroid, rotation, sizg that
define the geometric configuration of the team. Importantlythese Fig. 1. Diagram representing the proposed approach with riots.
additional controls are completely decoupled from the shap
control. The overall approach is simple and robust, and it ceates L o .
closely coordinated robot motions. Being based on deformim, it~ interesting in many applications, but it is very challerggio
is useful in several scenarios involving manipulation task e.g., perceive, model and manipulate them with robots. The recent
handling of a highly deformable object, control of an objects survey [2] details the associated challenges. Using a rohiit
shape, or regulation of the shape formed by the fingertips of a system (instead of a single robot) helps to mitigate some of
robotic hand. We present simulation and experimental resuk to these challen due to the hiah b f d
validate the proposed approach. ges, due to the higher number of resources an
of degrees of freedom provided by such a system [3]. As a
result, a problem of current interest is to develop appederi
strategies to coordinate the motions in a multirobot sysiem
address tasks that involve deformation. This is the problem
I. INTRODUCTION addressed in our work.
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Index Terms—Multirobot systems, motion coordination, coop-
erative manipulation, robot control.

A. Overall context

Recent technological advances in artificial intelligen& ( B. Contribution and method description

are bringing about higher capabilities to solve problems of QuUr main novel contribution is to use a geometric defor-
societal interest. Robotic systems are a particular mstaifien Mation measure dlrec'gly as the cost function for contrgl_lln
of artificial intelligence in which such intelligence becesn the motion of a multirobot system. As a result, we link
embodied. Specifically, aside from being capable of prangss coordination and deformation. To see why this link is instre
information, a robot also has the ability to move and a#f9, consider a scenario where multiple robots manipulate a
autonomously in the world. This gives it great potential t§&formable object. Therf) coordination without considering
carry out many tasks. For high-complexity tasks, a mulieformation(e.qg., mgltlrobot formation cor_ltrol [4]) means the
robot system provides more advanced capabilities (coeeray@te of the team is controlled appropriately but, as defor-
of larger workspaces, handling of higher payloads, bettg]ation.informqtion is disregarqled, the chances of damaging
resilience via redundancy) than a single robot [1]. tﬁe object QUnng_ the motion increase. On _the othe_r hand,

A salient topic in present-day robotics is the handlinglef (ii) deformation without considering coordinatide.g., object
formation Robotics has traditionally concentrated on dealingform""t'on control) means each robot controls indiviual
with rigid objects. Deformable objects, on the other hand, afae deformation, but the lack of explicit coordination beem

the robots’ efforts implies their actions are suboptimati an
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C. Example application scenarios
We identify three example target scenarios of multirobot

R - . - - .
S T . manipulation of deformable object§:S1) Manipulation of
‘: gﬁfrlr;fti sggl;i rfg?()? . .- %’{/1 * highly d_eformable opjects, e.g., transport of _fabrics [3l.
4 Optimal configuration with ! %‘ ! v or handling of a belt-like or a planar rubber object [9)]. Iesk
desired shape (H-Cb) T Lo tasks, controlling the deformation of the robot positioms ¢
n ggﬂ?i;ﬁgﬁgﬂﬁ“?g!g .,’+,' _'l\_ :i—:_—:’ﬁ; . _; . avoid damaging the object during reshaping and resizing, (e.

w-g - stretching)( S2) Manipulation with many robots [10] which
are, e.g., deployed around the contour of a deformable bbjec
Fig. 2. lllustration of shapes used by our shape controffer. every one Here the object’s-shape is determined directly py the robot
of the four shapes shown, the robot identities are 1-2-3dnted clockwise t€am’s shape, which our method can control suitap§3)
starting from the robot in top-right. Notice that the affinefatmation is a Preservation of the shape formed by the fingertips during
stretching and shearing of the desired shape. in-hand manipulation [11], to, e.g., maintain a stable obje
grasp or exert a given deformation. In these scenarios, the
main usefulness of our approach is that it still allows one to
. ] ] . ] _guide the motions with a concept of deformation if inforroati
configuration with the desired shape. To explain the affing contact forces or the object's shape is not available. The

term, we refer to the concept deformation mode¢see, €.9., experimental evaluation we present illustrates theseasize
[6]). These modes encode ways in which real objects deforghq the method’s robustness to perturbation.

Specifically, an affine deformation represents stretch hedrs
deformation modes. Figure 2 illustrates the action of tlieaf
deformation. The specific action performed by the affine ter
is to move the robots towards the optimal configuration with A preliminary version of the method we propose was
affine deformation. presented in the paper [12]. Here, we extend that paper

substantially. The following contents are new relative 18][

Therefore, the shape controller moves the team towards {iehe affine control termyii) the decoupled controllers for all
desired shape (thanks to the pure deformation term) whilgiapes i) a reformulation of the controller in a compact

maintaining plausible stretch and shear deformationsgaid@ 4y form that facilitates interpretation and analysis)
way (thanks to the affine deformation term), instead of othgp, extensive experimental validation which includes diger

unpredicta_ble deformation; which _might_damage the objelenarios of application, comparisons with methods in the
being manipulated. The affine term is particularly usefuewh |iio ature and experiments with a real robotic hand, &nd

the deformation is large: in that case, it ensures that tapesh 5 yiscussion of the implementation of the approach in 3D.
transition towards the desired shape is done while resgecti

plausible deformations. In effect, the shape controllgure ) _
lates the team shape by controlling the deformation meastie Outline of the article

variable. Aside from this, our approach also allows us to The contents of this article are structured as follows. In
control the team’s absolute state in the workspace: we do Section Il we review the related work. Section Ill presehts t
by regulating three further variables: centroid, rotatiand definition of the problem addressed. In Section IV we describ
size. Altogether, this gives four controlled variables. ¢l the proposed shape controller. In Section V we describe in
the approach we propose to control all of thenfuli team detail the full controller we propose, and discuss furtter t
controller. Importantly, this full team controller consists ofsystem’s design. Section VI presents our experimentaltsesu
fully decoupledontrollers for the four variables. By decoupledn Section VII we provide a concluding discussion.

we mean that we can control the value of each of the

variables without modifying the values of the others. This Il. RELATED WORK

has obvious advantages as it enables a conflict-free and VE&rymultirobot manipulation of deformable objects

flexible control design. Additional advantages of our cohtr

approach are that it requires few resources, and it is rob?s{\/lanlpulatlon of deformable objects with a multirobot sys-

. ) r . em is an increasingly popular topic [3]. In particular, eat
to perturbation (i.e., non-ideal motions). We focus oudgtu works have addressed the transport of highly deformable

on the case vvher_e the robot p05|t|on§ lie in 2D, and we al%%jects with a team of robots [7], [8]. These works exploit
show the application of our approach in 3D. . )
distance constraints but do not use a global concept of

Our contribution is relevant both theoretically and practdeformation, as we propose here. In [13], [14], an aerial
cally. Theoretically, our approach represents a new petisige robot team is controlled using a deformation model of the
relative to common formation control works, and we providspecific payload —a flexible ring and a fabric, respectivehe-
thorough formal guarantees of the performance. Such gusgam transports; in contrast, we give a general deformation
antees are not usual in, e.g., Al approaches based on nebesed coordination framework, and provide formal analysis
networks. Practically, we identify several specific apgtiion of it. A different task with deformable objects is actively
scenarios where our approach can be directly useful. Wentrolling the object’s shape/deformation (i.deformation
discuss these scenarios next. control). This typically requires multiple robots. Several works

PT Comparison with preliminary paper



exist, with robots movingin 2D [5], [10], [15] and 3D [9], [1.1 enlarge the scope of our work. As said above, the multirobot
[16], [17] workspaces. Generally they do not use a specifigstem we consider is an embodied Al system whose shape
mechanism of coordination among robots; the coordinatieve control. It can therefore be considered a deformabletiobo
emerges implicitly from the collective task. Although heve system. This fact connects our work with the field of soft
do not address the precise control of the shape of an objeototics [37], which is growing rapidly in recent years. In
the proposed approach can be helpful in these tasks, ekpeciaarticular, since we propose a control loop based on deforma
when the capability to sense the shape of the object is kiimitdion, our work can fit the definition of soft controller progak
This is because we coordinate the robots based explicitty[38]. Furthermore, our deformation-based formulati@m c

on minimizing deformation, which can avoid damaging thkave interest in other feedback control problems beyond the
object. For this purpose we use global information of thepecific robotic problem we treat, as applications of feedba
team. What this means is the control law for each robot ¢®ntrol are wide-ranging (e.g., from insulin delivery [3@]
computed using the relative positionsadff the robots. The use smart grid load management [40]).

of global information is known to facilitate tightly coortited

multirobot motions [18]-[20]; we note that such tight coor- [1l. PROBLEM DEFINITION

dination is particularly critical in collaborative manition A preliminaries

scenarios as the contact with an object poses additiond ris

and constraints. Iy denotes théV x N identity matrix.1, notates a column

vector of N ones. We defin® = [(0,1)T, (-1,0)7], i.e., for

_ a matrix A € R?*¥, SA is a counterclockwise rotation of

B. Formation control 7/2 radians of the column vectors . Also, we notate as
Perception, manipulation or navigation tasks that aredundA* = AT (AAT)~! the N x 2 pseudoinverse ofA, which

mental in a range of key applications can be carried out bysatisfiesAA™ = I,. We define a centering matrikK, =

team of multiple robots moving in a suitably coordinated waly — %1N1T, which is symmetricK! = K,), idempotent

[4], [21]. The problem we address here (namely, keeping tiK? = K;), and satisfieK,1y = 0. || - ||, || - ||r denote

multirobot team close to a prescribed geometric configomti Euclidean and Frobenius norm, respectivety:) denotes the

is often tackled usingormation contro] with well-established trace operator. We generally do not notate time dependence.

existing solutions based on controlling, e.g., relativeipons All proofs are given in the Appendix.

[18], [22]-[25], distances [26]-[28], or angles/bearirg9],

[30]. The problem we address features prominently, €.@8, Problem statement

in works dealing with multi-robot transport of (quasi-)dg

objects; in these, the control is guided by the measuredt{oblg

object forces [31], and in some cases [20], [32], [33] foriorat

control is used. In contrast with standard formation cdntr

approaches, typically based on pairwise robot interastio that is left after translation, rotation, and scaling haeetb

approach the add_ressed_ coordination problem l'_'Sing a rTE"3?"“?Jli'§regarded from consideration [41]. Accordingly, we use t
of team deformation. This creates closely coordinated ansti r[%rmnon-shape variablem refer to centroid, rotation and size

Consider a team oW robots inR2. The problem we address

to bring the robot positions towards a given configuration
in the workspace while suitably controlling their shape. By
ghapewe refer to the information about the set of positions

and adapts well to scenarios of deformable object manipulg-y - <ot The considered setup is illustrated in Fig. 1.

tion, because in these deformation is a directly meaningful\\,, qefine then. a prescribed desired shape, encoded as a
concept. . ositionc; € R? for each robot. Moreover the current robot
Since we control not just the shape but also the absolgrgsition at timet is denoted asy;(t) € R*. Bothc; andq;

configuration of the team, our work is closely connected wi e expressed in the system's world frame. We represent the

Fhe problem offormatllon maneuveringrhe methpd.proposedfu" sets of positions by stacking these column vectors, as:
in [22] addresses this problem and takes inertia into adc;oue2 — [a1,92, ., qn], C = [c1,¢2,...,cn]. Q and C are of

In particular, this method employs passive decomposition §i2e2 x N. We define the centroid of the current positions as

decouple the dynamics of the team’s shape from the dynam(%s: %Q 1. In stacked matrix form this i€ = qo1%.

of its centroid. In [27] distance mismatches are exploited knalogouslyco — 1C-1,17. We then define the matrices
control the non-shape formation parameters (i.e., cahtrok Off positions with zévro centro]}]d' as:
A :

tation and size) except the size one. Predefined maneuvers
formation tracking are proposed in [34] while other appiees Q=Q-Qy=QK,;, C,=C—-Cy=CK,;. (1)
use leader robots [35], [36], without focus on decouplingr O In addition, we consider a desired absolute configurafipn,

approach differs in that we control all non-shape varlablees(JRQX]V_ We parameterize it as follows;

(not just some of them), do so in a decoupled manner, an

our shape control strategy is explicitly based on deforomati Qr = 54R4(04)Cp + Qod, (2)
. . . with Qgq = qu].% € R2XN, Rd(é’d) € SO(2) andsg € Rsg.
C. Robotics/Al and control systems engineering Notice thatQ, has the desired shape, since it consists in a

Finally, it is interesting to position our article in a braad rotation and uniform scaling &', plus a translation. The non-
context within the systems engineering literature: doing shape variables o®7 are encoded byjy; € R? (centroid),
can help to find useful interdisciplinary connections, and R,(6,) (rotation) ands; (size).



We consider a single-integrator motion mod§}: = u;, positions with respect to their desired shape. Note in th& ne
whereu; € R? is roboti’s control input. Thus:Q = U, lemma thaty captures exactly our shape control goal.
whereU = [uj,us,...,uy]| is the team’s control input. We Lemma 1:(3) is satisfied if and only ify = 0. ¢
name our control laws usiny with identifying subscripts. We compute next the gradient ofwith respect to the robot
Control goals: The desired shape is achieved(¥ is equal positions. Note that the gradient of with respect toH is
to C up to a rotation, uniform scaling, and translation. Usingero, asH is a minimizer ofy. Hence:

Q;, andC,, the translation element can be removed. Then, we

— T _
formally define ourshape control goalby the condition: Var = (Q ~HG)K;, = Q, — HG,. (8)
. Pure deformation control term: We define a control term
Qs = sR(9)Co, 3) for Q as the negative gradient of Using (8):
for a generics € R>o and a generi®R.(0) € SO(2).
g >0 g ( ) ( ) UH — _VQ’Y — HCb _ Qb- (9)

In addition to the shape control goal (3), we also define our
full control goal, by the following condition: With this control term the team executes, at every time irtsta
the motion that optimally reduces the deformation measure
Q=Qr ) We highlight that the similarityH is not constant; indeed,
An additional specification in our problem definition is that(t) is computed from the position@(t).
the multirobot control system to be designed needs to Héfine deformation control term: Using (9) to control a
feasible in terms of resource consumption. Moreover, it {arge deformation, one has no control over how the shape will

desirable for the system to satisfy other nonfunctionaete evolve from initial to desired, and thus during the traisitihe
such as robustness to perturbation. team may acquire shapes that do not correspond with suitable

deformations. To address this issue, we propose to augment
the controller (9) with araffine deformation control ternThis
term is based on the affine transformation of matixthat

Our strategy to achieve the shape control goal (3) is basgfjns it optimally (in least-squares sense) withFinding this
on the cost function: transformation is a well-known problem in linear regressio

IV. SHAPE CONTROLLER

1 HC, |2 5 Its solution is computed by making the two centroids coiacid
7= §||Qb — HGy|[7. ®)  and applying onC, the affine transformatiorG ¢ R2*2
H < R?*2 has the structure of a similarity, i.e.,: defined as:
H |: hi —ho ] ©) G = QbCZr. (20)
ke Notice thatC;" is aconstanmatrix (asC; is fixed). The affine
and the values of its components are: deformation control can be used for any desired geometry of
. . robot positions that is not a straight line (because t@gnis
hy = tr(QvCy ) hy = tr(Qu(SCs)") (7)Mot full rank). Note that the pure deformation control (9nca
Cs ’ Cs ’ be used for any nontrivial geometry 6f;.
with ¢, = tr(C,CT) = ||Cy|[%. Any real transformation Then, we define the affine deformation control term as:
having the structure (6) performs uniform scaling and rotat Uq = GG, — Qy. (11)

when acting orC;. Within the set of such transformatiorid,

is the one that aligns with least-squares e@gmwith Q;: i.e., An affine transformation encodes stretch and shear (Fig. 2),
H is the solution of a Procrustes Opt|ma| a”gnment prob|erHI,hiCh are plaUSible deformation modes in which real-world
found by differentiation from (5). Note that we can expresgbjects deform. Although we do not control the deformatién o
H = s,R;, with s, = /hf +h2 = tr(QbTRth)/cs being an object, rather the deformation of the team that manipslat
a scaling factor andR,, () a counterclockwise rotation by it, clearly the two deformations are closely related; thene
angled, = atan2(hs, h1). Note that, as will be further ex- it is interesting to restrict the team’s deformation to thes
p|ained in Remark 1, we disregard the case= h; = hy = 0. plausible modes. This is WhaﬂG does, as it Continuously
We do so becausg) this case corresponds to configurationgioves the team towards the shage() that corresponds
with zero measure, i.e., not relevant in practice since #fith the optimal affine deformation of the desired one.
infinitesimal perturbation takes the system out of them arfhape controller: We propose, based on (9) and (11), the
(44) we will show how to specifically contral;,, which means following controller aimed at fulfilling (3):

this variable cannot go to zero. -

One notices directly in (5) that is a certain measure of Uy =anUn +acUc, (12)
error between the currertq;} and desired{c;} positions. whereay > 0 andag > 0 are control weights. These weights
SinceH is optimal ~ abstracts out the non-shape parameteisan be chosen adaptively; a larget can be especially useful
and hence characterizes the differemteshapebetween the when the deformation is large, while a larges; can increase
two sets. From the viewpoint of the sét;}, this difference convergence rate. A notable property of the shape controlle
expresses how much the sgi;} is deformed relative to it. (12) is that it is alinear controller of Q; linear control has
Therefore,y measures the deformation of the current robetell-known advantages in practice. The idea of this cotdrol



is to make the robots eventually converge to the desiredeshafge then propose the followinfyll controller :
suitably reducingy (due toUg), while staying close to an
affine deformation along the way (due ). For this, the Uy =U, +Uo+Up + Us. (18)
two control terms need to be non-conflicting. We will showhe following is the main convergence result of this article
two facts which demonstrate that this is the case. First, theTheorem 1:The full controllerU; (18) brings the team to
following property holds true. the target configuratio®)r = sqRq(64)Cs, + Qoa. Moreover
Proposition 1:s5, Ry, andqg are all invariant undelU,,. o the dynamics follows an exponential decoupled decrease for
SecondUg can never increasg. We state next a lemma thate, ¢4, ande,; and, if ag = 0, also fory. ¢
will be used later on to show this fact. Remark 2:We stress that what makes the decoupling possi-
Lemma 2:Given matricesA, B € R?*N, B being full- ble is that we have defined a measuy that capturepurely
rank, andH,, = s, R, s» € RZ%, R, € SO(2), it holds the deformation. Important advantages of the decouplieg ar
that: (¢) It preserves the properties of the shape controller
(12), while fulfilling goal (4) with U, (18); (#¢) It can
|A - Hy B[} = [|A - MBJ|}: +||MB — H,B|[%, (13) facilitate extending the controller tﬁmé-varyinére)ferences
whereM = AB+. ¢ C(t), qoa(t), 84(t), sq(t), which could be tracked in a decou-

Notice too that as (12) depends @, (not Q), it may be Pled mannerjiii) It directly allows partial control, leaving

computed with relative (not absolute) position measuremenSOme parameters invariant, e.g.: rotating and resizingette
without translation;(iv) Desired behaviors for the variables

can be designed by appropriately selecting the weights
(v) Controller convergence is guaranteed for any weights

Let us now address how to coordinate the robots to achieygte that [12] proposed control lawdvériants”) that could
the full control goal (4). We define four variables that captu control either rotation or scaling while preserving the esth
the state of the teamy, qo 6, ands,. Our control goal is variable, or used a leader robot. However full decoupling wa
then to bringy to 0, qo t0 qoa, 01 t0 64, andsy, to sq. To do ot guaranteed (e.gy, could increase) and stability was not
so, we define a set of four error variables: analyzed. Here the control is fully decoupléd.

V. FULL TEAM CONTROLLER

’YERa eOZQO—QOdERQa

eo = 0n— 04 ER, =5, — 54 €R. (14) B. Alternative controls for rotation and size

Rotation and resizing of the current shape:An alternative
We already have a controller for (12). We next propose strategy is to rotate and resize the current team sh@pa,

controllers for the three non-shape variables. Although this does not ensure full decoupling fromit can
be effective in practice. We propose the controls:
A.Tliecoupled f:ll te::\ml (iontrol . Us, = —00,e08Qy, ap, > 0, (19)
e proposed control terms are as follows: _
prop U, = —as,esQp, as, > 0. (20)
T . . . .
Uy = —aoeoly, >0, (15) Integrated rotation and size control: This strategy is de-
Up = —apepSHC,, ap > 0, (16) signed to regulatsimultaneouslyhe rotation and size param-
Us = —ases(1/s,)HCy, a5 > 0. (17) eters. A motivation for this compact strategy is that it can b

implemented in both the 2D case and the 3D case (discussed
Here, Uy displaces the team as a whole towards centegid in Section V-D). We propose a control term based on reaching
Notice thatU, and U, are nonlinear controllers ofQ, and a desired similarityd; = s;R:
that they are defined by a rotation and scaling, respectioély
the configurationHC;. This is the destination configuration Un, = am,(HaCp — Qp), am, > 0. (21)
that Q, is moving towards, as can be seen by the expressipRis term is not decoupled from but it gives a suitable and

of the pure deformation control term (9). intuitive way to makeH gradually transition towardH,.
Remark 1:We assumes;, > 0 at time zero and, for

convenience and without loss of generalify, = 0. Note

one can always rotat€, (such rotation changes no aspe . o
of our coordination approach) to make = 0. We define by A controller based on team deformation can help to maintain

conventiondy, (t = 0) in the range(—m,«]. Then, note that suitable distances betweemerypair of robots. Exploiting the
sn(t) > 0 and 6,(t) € (—m, 7] V¢t > 0 because, as showninteresting fact thaty and e, can be controlled to converge
later, U, and U, control these variables in a fully decouplednonotonically, we provide the following explicit bounds ish

?. Inter-robot distances
C

way. These assumptions ensujgt) will be smooth.CJ build on Prop. 3 in [12] and can be proven in a straightforward
Let us call a controller for a variabley( qo, 65, or s,) Mmanner L{s_ing the mgntioned monotonic convergence.
decoupledif it does not change the values of the other Proposition 3: Define ¢ = 2,/Ny(t = 0); using con-
variables. We can give our result on decoupling next. troller (18), the distance;; between robots and j remains

Proposition 2:U.,, Uy, Uy, and U, are decoupled con- bounded,i, j, as: min(s(0), sa)llei — ¢;|| —e < dij <
trollers for~, qo, 0n, si respectivelyo maz(sp(0), sa)|lei — ¢jl| +e. o



D. The 3D case

In our study we considered that the robot positions li 1>\
on a plane. Note that this is the case in several deforma v i \
object transport and manipulation scenarios, even in ca: \ ¥ i b
where the manipulated object lies in 3D space [5], [7], [8 4----:f---->
[10], [14], [15]. This fact highlights the applicability ahe * H ”
approach we proposed and studied. If robots move in 3 AN i ,/'
the proposed approach can still be implemented, as follov obot2 | [ Robots | [ robots ] \ d

We can encode the positions in matric€s (and Q;), C
(and_cb)’ now Of_S|Ze3 X N We first compute _from these Fig. 3. Possible system architectures exemplified with 4ot@bArrows
matrices the optimal rotatioR, € SO(3). This can be represent communication links, where a dashed line inetictite link may or
done via the well-known Kabsch algorithm that solves thBay not be present. Left: Centralized system. Right: igted system.
orthogonal Procrustes problem. Then, we can use this oatati

matrix to find the optimal scaling, analogously to the 2D Caso?etermined will depend on the specific application scenario

: i T o
(see Section 1V), as), = r(Q, RyCs)/c,. This gives the From the knowledge of the robot-object contact points, @re c

similarity H = s,R,, with which we can implement the , \ "o "o of the object with the positions of the robots,
pure deformation term (9). The affine deformation term can

be computed using (11), and (10). The non-shape parame%nd thus defin€. As examples, for a transport tagékcan be

can be controlled using (15), (17), (20), (21). The Kabsd € contact positions when the object is at rest, and fongayi
algorithm uses Singular Value Decomposition. It is therefo? cloth on a table> can be computed from the table’s shape

: ) . and dimensions.
not analytic and hence this 3D solution cannot be analyzed asS _ L
ensing and communications:The robots need to know

the 2D one. Still, we show in the tests in Sect. VI that tht% » f the oth bots. For this th If
controller implementation in 3D is functional. € positions ‘ot the other robots. For this they can Sefl-
localize (using, e.g., a GPS-like sensor) and communibaie t

_ o positions, or use other sensors (e.g., vision) to percédiee t
E. System deployment and nonfunctional criteria other robots’ relative positions. The identity of the sfiieci

We propose a multirobot coordination method based d¢@bot associated to each position measurement needs to be
global information, instead of one based on partial inform&nown too. These identities can be obtained either by sgnsin
tion. What we mean precisely by global information is that thor communication. Different message transmission schemes
proposed method uses the relative positionalbthe robots. (point-to-point, broadcast, multi-hop) are possible ie #ys-

Our motivations for this choice ardi) Global information tem. Generally the data volume to be exchanged per cycle (i.e
is known to be a suitable choice when tight coordination f§e robots’ position measurements) scales linearly with th
needed [18]-[20]; in particular, for the problem we addr@ss number of robots. Additionally, in the distributed arclitgre,
distributed controller using partial information cannobgluce all robots need to receive (via communications, and prior to
instantaneous motions optimizing deformation globafly) execution) the mission specification.

In manipulation tasks the number of robots is often small, soComputation: The controller (18) is very light to compute
scalability is not critical.(ii7) Certain manipulation systemsbecause it is an analytical expression based on standatd mat
are intrinsically centralized (e.g., robotic hand fingers) ematical operations, and does not rely on executing iterati

After having addressed the functional aspects (i.e., tlaégorithms or computing optimizations.
controller design) of our system in previous sections, we Memory: The storage needed increases linearly with the
discuss several relevant nonfunctional aspects next. number of robots. Large data structures are not needed as the

Architecture: The proposed multirobot controller is not tieddata volume required per robot is light (only a position vert
to a specific architecture, and several choices are pos¥ilde The mission specification is also lightweight.
illustrate two possible architectures in Fig. 3. A cenuedi Robustness to perturbation: Coordination controllers that
architecture with a central node (or leading robot) hargpéii  follow the negative gradient of a cost function (such as our
the data processing is more efficient and less complex dverahape controller) are robust to perturbations in the motion
It can adapt well to scenarios where the system is intrifigicadirections of up to 90 degrees. This is because under such
centralized. An example is a robotic hand, where the hapérturbations the actual motion direction is still in thensa
controller would be the central node for the fingers (robotd)alf-plane as the negative gradient vector, and thus thibmo
A distributed architecture, on the other hand, is moreiedil is still reducing the cost function [25], [45]. We illusteathis
[21], [42]-[44] as each robot can take the role of leader [lipteresting robustness property in our experiments.

It can be more appropriate when using mobile robots, each
having a high degree of autonomy. Note that a distributed
architecture is a suitable possible choice for our corgroll
because the controller does not have high requirements irOur goals in this section are to corroborate experimentally
terms of data volumes and computing power. our theoretical findings and to validate the usefulness ef th

Mission specification: It consists of the tuple{C, qos, proposed approach. For these purposes we test the approach

64, sa}, and the control weights. How this information is in several scenarios and different conditions, which idelu

VI. EXPERIMENTS



perturbations. As the motion model we consider is singl 4 1
integrator, the robots are simulated as point masses in Se_ | /%
VI-A, VI-B and VI-C. This allows us to provide a general£ 9 -
evaluation, independent of specific underlying robot mede a
Still, as indicated at the end of Sec. V-E, our approach
robust if additional kinematic constraints cause the mmotiot
to follow the single-integrator model; this is illustratedSec.
VI-D where we apply the approach to control the fingertip
of a robotic hand (both simulated and real).
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We include comparisons, mainly with formation controlle ! ‘11 0 !
[23] which is linear (like our shape controller) and has bee ! “\r'.
used for formation preservation during manipulation iy.e. € o Eq S SE
[33]. We implement it assuming a full formation graph (i.e. ' >
every robot knows the position of all others), which is theeca -3 1y 5 1L 5 1
considered in our work. We used Matlab, except for the tes 13— 1 1
with the robotic hand, for which we used ROS and Python. _ | **~ IR A B e
video illustrating tests for the different scenarios is attache< 9 . Eo 7\/ o y é{ £
and accessible dtt t ps: // yout u. be/ WD98yZZJUuM ‘ '

- am - am am - am

A. Team coordination with Iarge deformation Fig. 4. Six-robot simulation. Left to right: Four snapshofsteam evolution
We simulated six robots moving towards a regulafor our approach (18) withxg = 10ay (top row), [23] (second row), [26]
. . . . .~ . . (third row), and our approach (18) withg = 0 (bottom row). The robots
hexagonal desired conﬁguratlon. We considered a |arga“mtare shown as circles, their paths as solid black lines angdhgyon formed
deformation. This example intends to specifically illustrthe by the robot positions is represented using dashed lines.
usefulness of our affine control term: this term is partidyla

important and helpful when the deformation to be controlled

is large. We chose = 10ay. We used controllel (18). needs to control its deformation to avoid damaging it &id
The first row of Fig. 4 shows that this controller produces gs the sheet is highly deformable and has very low stiffness,
shape transition where the robots preserve a plausibleeaffiy deformation is determined by the team deformation. léenc
deformation. In contrast, [23] lacks this control of trditsl. our approach is useful as it controls the team deformatioa, a
This can produce unsuitable motions: e.g., the polygonéormdoes not require knowing the sheet’s shape.

by the robot positions becomes self-intersecting (see @ot 14 gimylate the elastic sheet we implemented the well-

second row, second column). This is clearly not approprig{@qun approach Meshless Shape Matching (MSM) [6]. We

if the robots are transporting a deformable object (scenafjseq controllei ;. We introduced perturbations to the model

(S1)). Implementing [23] with a distributed, incomplete graply _ ;{9 test robustness. Specifically we included: noise in

(e.g., each robot having only two neighbors) may help 1§ yhich models both sensing and actuation error), actuation

avoid such self-intersections; however, the downside & thy,ration (via a different maximum velocity limit for each
the motions are less efficient and, more importantly, thenteg ooty and non-identical control gains, to model the robots

can shrink/stretch/deform without control during its sdion ¢ heterogeneous. The task consisted in the team moving to

to the desired shape. We also test, and illustrate in Fig. i consecutive target configurations. Figure 5 shows that
a strategy based on the nonlinear rigidity-based approgglypite the strongly perturbed velocities the controll®) can

[26]. Again, the shape transition is worse than with OYfa form the task correctly and produces a suitable evelutio
approach. Importantly, [26] is stable onlpcally, and for o e opjects shape. Again, we compare with [23], run under

large deformations it may converge to undesired equilidriuye same perturbations as our approach. [23] producedrlarge
configurations (even with a full formation graph). In costta 4.ors in some variables and more contorted paths.

our controller is stablglobally and converges to the desired To illustrate the object's behavior in the tests, we define

shape from any initial condition. Finally, the last row ingFi as the analog of but defined for the positions of the

4 shows the result with our method when used without t@ée? of nodes representing the object’s shape (instead of for
affine term (i.e., choosing.z = 0). It can be seen that the P 9 ) P

motions are similar to those obtained with [26]. This ilhases th.e positions of the .set OT r_obqts). we testeq def'mgj
: . : .with the standard optimal similarity transformation, anitdhva
the importance of using the affine term when the deformation, . =~ = . : -
is large rotation (i.e., fixings, = 1), which yielded similar results. We
’ ran 10 trials with varying saturation thresholds and ncésel
) . ) ] . averaged the results. The mean value.gf was 56 % higher
B. Handling an elastic object with perturbations with [23] than with our approach. Note that we discarded all
This example also illustrates scenari®lj. Consider an data below a certain small threshold valueygj;, to remove
elastic sheet and a task of transporting it or making itsnperi any effect of the convergence speed on these comparative
ter fully contain a given area. In this cas@) The sheet’s results. Moreover, the maximum value 9f,; was around

exact shape does not need to be controlled specifically,rimt ® % higher with [23]. These results show that with our method
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the controller in 3D (see Section V-D). The palm of the hand
was fixed. As a joint velocity controller was not available fo

§ ~E; § £ the hand we used, we employed position control. To control
the position of every fingertip, we used inverse kinematics
0 0 0 0 i i i 1 i
S xm 1 % xm 1% xm 1 = xm 1 computed numerically via sequential quadratic prograngmin
Fig. 6. Eight-robot simulation. Left to right: Four snapshmf system Fingertip control based on inverse kinematics is also em-

evolution. Robots as circles, object boundary as solid, l{ire fourth plot)

ployed, e.g., in [11]. Inverse kinematics for the robotictia
desired positions of object particles on the boundary akedavircles.

suffers from inaccuracies and oscillations. We created dea
zones in the neighborhood of the Cartesian positions sent
Y commands to the fingertips: this eliminated oscillatory
motions, at the cost of increasing the steady-state paositp
error. We introduced saturation to the joint angle velesiti
to avoid sudden fast motions and large differences between
C. Coordination for object shape control with many robots the motions of different fingers. Additionally the mechamic

We simulated eight robots manipulating an elastic, bagiructure of the hand constrains finger mobility. Our goas wa
shaped object lying in 2D and simulated with MSM. First0 show that the controller can still be functional in these
starting from the rest shape of the object, we moved manua@jallenging conditions.
the robots so that they bent it into a desired state. Thenawe Simulation: Figure 7 illustrates an example, visualized in
our controller starting from the rest shape, withequal to the RViz, of the fingertips moving towards a desired shape. We
team’s shape in the desired state. We utkdt Uy + Uy, . usedU, + Uy + U,,. There were noticeable steady-state
We added motion disturbances similarly to the test in Sactigontrol errors but the motions remained stable. These srror
VI-B. The results in Fig. 6 attest that both the team and dbje¢ere mainly due to the dead zones we had to introduce, as

deformations progressed appropriately during execufitis ~ €Xplained in the preceding paragraph. The coordinatiohef t
example illustrates scenar{ds2) . team is observable by the decreaseyadnd the gradual and

steady evolution of the shape formed by the fingertips.

Tests with real robotic hand: We installed the hand on a

fixture and used a soft foam bar as an object to be manipulated.
We applied our controller to coordinate the fingertip masionThe goal was to show operation in contact with a deformable

of a robotic hand —scenar{d53) —. We used the anthropomor-object further limiting finger mobility. The setup is showm i

phic Shadow Dexterous Hand. In all tests we implementé&dg. 7 along with results from a test. We used + U+ Ug, .

the shape of the object being manipulated evolved in a m
uniform and efficient fashion.

D. Robotic hand experiments
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VIl. DISCUSSION AND CONCLUSION

We have presented a new approach to control a multirobot
system in a coordinated manner based on the concept of de-
formation. We have highlighted the novelty of our formubati
and its usefulness for scenarios of interest, particularly
problems related with the manipulation of deformable otsjec

A relevant issue to discuss is the robot-object interaction
Our approach is geometric and does not consider object-robo
contact forces. Still, we note th@) we take deformation into
account —geometrically— and this can help maintain swetabl
contact forces when there are no force sensors(igncbntact
force measurements are not considered in several works on
deformable object shape control [5], [16], [17], assemBly [
or transport [7].

Our method only controls the robots’ positions (as in, e.g.,
[91-[11], [24], [16], [32]), and not their orientations. Bn
effector orientation control can be necessary depending on
the specific type of grasp and contact to, e.g., avoid exgrtin
excessive torques on the object. Such orientation conémol ¢
be added to the position controller we propose.

We conclude by proposing several directions for future
work. An interesting extension is to address secondary ob-
jectives (e.g., control object shape, include contact aimds
such as friction [46]...) exploiting the gradient-basedreltter
of the shape controller [45]. Control of higher-order dyrnam
ics (e.g., double-integrator model) is practically relgvand
may be facilitated by the linearity of the shape controller.
Tracking of a dynamically changin@r can benefit from the
presented fully decoupled controls of the parameters we use
to characterize it. Finally, for higher scalability andiliesce
to malfunctions, it is also of interest to execute some elgme
of the proposed approach in a distributed manner relying onl
on partial information and partial resources of the system.

APPENDIX

We first provide a list of expressions for the traces of
products that we will use in the analysis. These identitas c

be deduced starting froEHLC, = h1Cy, + h2SCy, SHC, =
—hoCy + h1SCy, and using straightforward manipulations.

Fig. 7. Hand tests results. Top, left to right: initial, imeediate (two plots)
and final shape for a test. Desired shape is the lowest, fixédod/gon.
The commanded next fingertip positions are also shown as rgititablue

polygon. Second row, left to right: evolution of centroid and scaling errors t ™Y — tr(HC.CTY = 22
for a simulation test. Third row, left: test with real hando®/ing initial —stars— T(chb ) T( Co b ) 16s ( )
, final —circles— and desired —squares— fingertip positiGirsgertip paths in tr(Qb(SCb)T) = tr(HCb(SCb)T) = hocs (23)
solid lines. Thumb marked ab. Third row, right: experimental setup. Fourth T T 9 9

row, left to right: ~, centroid and scaling errors for real hand test. Bottom: tT(Qb(HCb) ) = tT(HCb(HCb) ) = (h1 + hQ)Cs (24)
four snapshots from initial (left) to final (right) configdi@n with the hand Ty _ Ty _

grasping and deforming the object under the action of theraotber. tr(Qb(SHCb) ) - tT(HCb(SHCb) ) =0. (25)

Proof of Lemma 1: i)Supposey = 0. This impliesQ; =
HC,, andH has the formH = s, Ry,. Hence, (3) is satisfied.

i) Assume now (3) holds, i.eQ;, = sR(6)C; whered is the

We verified that the controller maintained a stable behawg gle of the rotation. Let us verify what the transformatisn
around the desired shape of the fingertips. The control r(Q,CT)

allowed the hand to grasp the deformable object, as sho@h is for this pairQ, andC,. We see thah, = tr(CyCY) —
in the snapshots in Fig. 7. Therefore, the proposed approaéhM = scos(6), and similarlyhy = ssin(d). SoH =

(Cy CT
can control moderate displacements and is useful in tryR and dlrectlyy_()

scenario mainly due to the difficulty of perceiving the state proof of Proposition 1:We will study H starting with /2,
of the object. Still, note that we ignored aspects such ad han r r

structural constraints or contact kinematics [46] whic ary Py = 1d(tr(@QCy)) _ ltr(d(Qbe ))_ (26)
important especially for larger displacements. Cs dt Cs dt



We now consider the following expression in terms of twe ¢, decoupling. We will show U, and U do not change
addendsd(Q,CY)/dt = dhic + dhyy. Substituting (12): 05. The dynamics o)y, is 0, = (h1ha — h1hs)/s3.

U,. We have h; = —(a/cs)tr(eolL K, CL), where

_ _ T _ + T _ T
dhic = ac(GC, = Q)G = ac(QCy GG, —QuG,) 77 T K, = 0. For this same reasoi, = 0, and hencéd);, = 0.
which is 0, asC; C,CI = Cf(C,cl)-1(C,cf)=cf, Us. We havehl = —%Lfp(HC,Cf) = —2l (using
(22)) andhy = —2L4r(HC,(SCy)") = —2:e2 (using

Al = o (HC, — Qu)Cy = an(HC,C; — QuCy). (23)). We conclude tha, = 0

Therefore:h, = (am/cs)tr(HC,CI — QpCY) = 0, using e s, decoupling. We will show U, and U, do not change
(22). One can also find in an analogous manhgr= 0. sx. The dynamics of, is $, = (h1hy + haha)/sh.
ThereforeH = 0, i.e., s, and R, do not change. Finally, Uy. Using the same argument as for thedecoupling above,
we see that the centroigy is not changed by the controller: this control term does not changsg.

) 1 Uy. We haveh, = —(ages/cs)tr(SHC,CF), and using
qo = NQ']-N = N(OCH(HCIJ_Qb)+aG(GCb_Qb))1N- ST = —8, the cyclic property, and (23) gives = ageghs.

o . On the other handhy, = —(agey/cs)tr(SHC,(SCy)T).
As by definitionC, - 1y =0 andQ, - 1y = 0, o = 0. Using ST = —8S, S? = —1,, the cyclic property, and (22)

Proof of Lemma 2We first develop the two sides of the

. giveshy = —ageghy. Hences), = 0.
equality to be proven as: Proof of Theorem 1From Prop. 2, the evolution of each
IA|1% + s2||B||2 — 2sutr(ATR,,B) = error variable is only influenc_ed by a single control term.
|A|[% + ||[MBJ|2 — 2tr(ATMB)+ Convergence ofy. The evolution ofy is as follows:
IMB||2 + 52 ||B||% — 2s,tr((MB)'R,,B). (27) Y =tr(Ve7)"Uy) = —=tr(U(enUn + agUg))
= 2ayy — actr(ULUg). (32)

We show two identities next. The first one is:

) . Tt T AT Here, we know directly from Lemma 2 —with = Q,, B =
IMBJ[- = tr((MB)"MB) = tr(B'B™A'MB) = ¢, H,, = H-, that: ||Un|% = ||[Uc|[3 + ||Un — Ug|3-
tr(BB"BTTATM) = tr(BATM) = tr(A"MB), (28) Since by definition||[Uy||% = ||Uc||% + ||Un — Ugl|% —
(UL(Up—Ug)), it must therefore hold thar(Ug(UH—
c)) = 0. Hencetr(ULUy) = tr(ULUg) = ||Ugl|% >
0. From (32), this implies thaf < 0, and thaty = 0 can
only happen wheny = 0 and Ug = 0. But v = 0 implies

tr(MB)TR,B) = tr(BTB*TATR,,B) = the robots are in the desired shape (Lemma 1), which means
tr(BBTB*TATR,) = tr(BATR,,) = tr(ATR,B). (29) .UG =0. Hance, we can state the simple condition that 0
if and only if v = 0.
Substitution of (28) and (29) in (27) shows (27) is true. s (t) will be upper bounded for all, since it can be fully
Proof of Proposition 2Prop. 1 showed thdd, is decoupled controlled byUs;,. v is also upper bounded by its initial value—

as it does not change), 65, or s,. Next we showU,, Uy, U, . As v can be expressed as= (1/2)/(Q — snR,C)Ky||%,
are also decoupled by computing the changes they producé|®||» must be upper bounded topQ||r < ¢ for ag € R.

where we used the cyclic property of the trace of a product alEjI
BB”B*T = BBY(BB?)~TB = B due to the symmetry of
BB7. The second identity is obtained analogously:

the relevant variablesy( qo, 65, si). Defining q = vec(Q) € R2VN, this means that the compact
e ~ decoupling. We will show Uy, Uy, U, do not change setQ = {q s.t. ||q|| < ¢} is invariant. Then, as/(q) < 0,

~. The change iny under a given controlU, is ¢r((Q, — LaSalle’s invariance principle implies thgtconverges to the
HC,)"U,). We evaluate this expression next replacldg largest invariant set if2 in which 4 = 0. As noted above,
by the different control terms. 4 = 0 impliesy = 0; hence;y — 0 and the system converges

Uy. We have —aptr(K,(Q — HC) eolT) Applying the to the desired shape (Lemma 1). And from (32)qif = 0,
cyclic property, this is equal te-aotr(15K,(Q —HC)Tey), ~ decreases exponentially, &4s= —2ay7.

and by definition1}, K, = 0. Exponential decrease ofeg, ¢y, es.

Uy. ReplacingU, by Uy and using (25) we can see that ep: Recall thatqo = ]{,QlN So when applyindJ, we get
—ageg(tT(QTSHCb) — tT((HCb)TSHCb)) €& =qo = —UolN = ——eolT 1y = —gep.

U,. ReplacingU,, by U, and using (24) we can see that ep: We already found (proof of Prop. 2) that under the action
—ases(l/sh)(tr(Q"bTHCb) —tT((HCb)THCb)) =0. of U@, h1 = agyegho and hg = —aygeghi. Thereforeb’h =

e qo decoupling We will show Uy and U, do not change (h1h2 - I’Llhg)/sh = —agey. Henceéq = O, = —apey.
qo. For this we study the change &y under a given control e,: We already found (proof of Prop. 2) that under the action
U,. This isqo = (1/N)U, - 15. For bothU, and Uy, this of Uy, hy = —2e™M and hy = M Therefore,s), =

Sh

results ir_1 a produoCb - 15, which is zero. _ (hihy + haho)/sn = —ases. Hence 65 = ép = —aes.
We will use in the next steps the changesfinand i Therefore, all errorsy, e, ey, e, are driven to zero as
under a controlJ,, which have the expressions: t — oo0. v = 0 implies thatQ, = HC, (5). ¢ = 0 and
hy = (1/es)tr(U,K,CT), 30) © = 0 imply thatH = s4R(64). And ep = 0 implies Qg =

Qogq- SinceQ = Qp + Qo (1), Q converges to the target
hy = (1/05)”(UPKb(SCb)T)- (31) configurationQr = s4R(04)Cp + Qoa-
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